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The authors show that convolution with an L* function k is a bounded 
operator on L2(G), 1 < p < 2, for G noncompact semisimple and k having 
invariance properties. 
Let G be a noncompact connected semisimple Lie group with finite center. 
The Kunze-Stein phenomenon concerns the L2 boundedness of certain convolu- 
tion operators. To be precise, Kunze and Stein showed that, for a class of groups 
G, 
II k *02 < CD II k l/D llfllz (*I 
for all K in Lp(G) whenever 1 < p < 2 (see [6] for a survey of these results). 
This is equivalent to the statement that A( rr is uniformly bounded in operator ) 
norm as w ranges over the principal and discrete series of representations of G, 
and is this form the result is seen to be a considerable strengthening of its 
Euclidean analog, that iffis in L1, thenf^is in Lm. For those groups on which the 
Kunze-Stein phenomenon has been shown to occur, the result has always 
followed from more difficult results on the analytic continuation and uniform 
boundedness of representations, results which have not yet been extended to all G. 
In contrast, it was observed in [6] that if in addition k is right and left invariant 
under the action of a maximal compact subgroup K (in which case we say that k 
is K bi-invariant) the inequality (*) holds, and can be established using real 
variable, rather than representation theoretic, techniques. Eymard and Lohoui: [2] 
then established that (*) holds if k is assumed to be right K invariant. 
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In this note we use elementary techniques to establish the Kunze-Stein 
phenomenon for larger classes of invariant functions. We prove 
THEOREM. The inequality 
is valid for any k in Lfl(G) with 1 < p < 2 which satisfies in addition one of the 
following hypotheses. 
(a) k is right K invariant. 
(b) & is supported on the discrete series. 
(c) k is right K-finite. In this case, the constant cg depends upon the ii types 
which appear in k. 
Proof. (a) Standard limiting arguments allow us to assume that f and k are 
smooth compactly supported functions. The formal manipulations performed 
below are then easily justified. 
Denoting by d&m) the Plancherel measure on G, we have from the Plancherel 
theorem 
Now 
jj k *fili = G tr[?r(k *.f) r*(k *f)] dp(r). 
s 
r(k *f) = 
s 
m(x) k *f(x) dx 
G 
= II 44 k(y)f(y-‘4 4 dx G G 
Then 
II k *flli = fc t+(k) 40 n*(f) ~*@)I 444 
= f G trb*(k) 44 4f> n*(f )I 444, 
U-1) 
= e t+(~ * 4 40 all 444 s (1.2) 
where k(x) = k(x-l). S ince k is right K invariant, k * k is K bi-invariant and 
we need only consider n = vA a spherical principal series representation. In a 
basis of H, , a Hilbert space realizing r, chosen according to K types, n,(k * k) 
has only one nonzero entry, which is on the diagonal and is 
s dg) k *k(g) 4, 
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where v,, is an elementary spherical function for nA. The norm of such an 
operator is the modulus of its diagonal element, and therefore 
We are to show that the supremum factor is bounded by c, ]I k /I”, . An inter- 
change of integrals and Holder’s inequality give 
Now, in the usual notation [3, p. 2611, 
then 
and it suffices to prove that ~~ convolves LQ to LQ’ continuously when 1 < p < 2. 
We establish this by a complex interpolation of the operators given by con- 
volution with 
yzu,(.d = [~ok)l’+z~ 
We recall very briefly for the reader the essentials of this method. Let (Tz} be 
a family of convolution operators parametrized by {z E C I a < Re z < b} and 
satisfying certain conditions of analytically and growth (see [7], p. 205). If 
T,+i,,: LQ1 + Lq1 and Tb+iu: LQz + Lqs continuously with reasonable norm 
behavior in y, then Ta(l-t)+tb: LQt + Lnt boundedly where 
1 (1 - t) L L 1 t -zz-, and (1 - t) - = ___ 
Pt Pl P2 4t 41 
+y,. 
For Yz the analyticity and growth conditions are easily verified, and the norm 
for y = 0 will be seen to majorize that for general y. 
Since y. is a matrix coefficient of a unitary representation, Y--q+iy is bounded 
by 1, from which it follows that Y-k+iy convolves L1 to Lm. If we can show that 
whenever E > 0, ?Y<+<, convolves L2 to L2, a complex interpolation shows that 
Y. = v. convolves LQ to LQ’ for p = 1 -t (1 + 46)-l. This would establish 
part (a) of the theorem. 
Now Ye,,,, is a K bi-invariant function, so that to establish the boundedness 
of convolution with YCii, on L2, an application of the Plancherel theorem shows 
that it suffices to bound 
/ $ vk) y&d 4 / 
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independently of h. This is easily done, since the integral is bounded by 
(here we have used the integral formula associated to the Kd+K decomposition 
of G). We now invoke two results: 
(i) Harish-Chandra [3] has established the fundamental inequality 
pa(u) < c(1 + /I log a 11)” e-+(l”sa) 
for some c, d and all a E A+ . 
(ii) the obvious estimate 
D(a) = n sinh or(log a) < e2D(10sa) 
a>0 
for all a E A+ . 
Applying these, we have 
1 J‘ dg) ‘u,(g) dg /d c s (1 + II log a ll)2+re-co(10ga) da, A+ 
which is clearly bounded independently of h. This completes the proof of part (a). 
(b) We may assume here that K is inL2(G) n D(G) and thatfis in C,“(G). 
Now K *f is in L2(G) nD(G) and p < 2; therefore, ~(12 *f) is defined and 
rr(K *f) = Z-(K) n(f). Our hypothesis on K means that in estimating (1.1) we 
need only consider discrete series representations. Then 
Here /I (I denotes the Hilbert-Schmidt norm and I ) the operator norm. It 
is enough then to show 
,,sJ& I G)12 G c?J II R 11; ,
which follows from 
PROPOSITION. Let k be in L2(G) n Lp(G), 1 < p < 2. For VE g2(G), 
1 +)I2 < dg2ip’ /I k 11: where d, is the formal degree. Consequently, 
KUNZE-STEIN PHENOMENON 155 
Proof. 
I 4412 = suP(44% 4+> 
= s:p(V*(k) Tr(K)U, u) 
u 
where ( , ) is an inner product on H,, for which n(G) is unitary and u ranges 
over unit vectors in H, . It suffices to prove that for any h E Ccm(G), 
I(n”@) ++4 u>l = I(4 * A)% u>l 
< dL2” II R IID II h IID . 
To prove this inequality, we fix an orthonormal basis for H,, and set 
m(u, u, r, g) = <ddu, v>. 
Then we are to show 
Now proceeding as in the proof of part (a), we interchange the order of integra- 
tion, apply Holder’s inequality and observe that it suffices to show that the 
convolution with a discrete series matrix coefficient is a bounded operator from 
Lp(G) to 0’(G) with norm < d; ‘lg’. We interpolate (Riesz-Thorin) between 
the (Lr, Lm) and (L2, L2) cases. As before, m is bounded by 1 and so convolves 
L1 to L” with norm < 1. For the L2 case, it follows from the Plancherel theorem 
that it suffices to show 
I 44 < d-T1 a.e. dp(n’). 
As m is a discrete series matrix coefficient, the Fourier inversion formula 
(Corollary 27.1 in [5]) shows that r’(m) = 0 a.e. dp(r’), for n’ $ g2(G). Thus 
it suffices to consider r’ E &a(G). 
Now Schur orthogonality says n’(m) is identically zero unless Z-’ is equivalent 
to VT, and the matrix of n(m) computed with respect to the previously fixed basis 
is identically zero except for the (u, v) entry. Thus 
/ n+rz)~ = l(z-(m)u, u)l = d;‘. 
As for the second statement of the Proposition, we need only remark that it is 
known from Harish-Chandra that the formal degrees, d, , are bounded away 
from zero for n E g2(G), so sup,,cp2(o) n dp2jp’ < co. This completes the proof 
of (b). 
The proof of(c) will be similar to those above; however, as K is assumed to be 
only right K finite, we must examine its Fourier transform for all representations 
appearing in Harish-Chandra’sPlancherel theorem. We shall see that in complete 
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analogy with (a) and (b) it suffices to show convolution with matrix coefficients 
is a bounded operator on L”(G). The key step in establishing the La boundedness 
is an analog of the inequality 
I dx)i ,< v&). (1.3) 
We begin by recalling various aspects of the representation theory of G and 
properties of Eisenstein integrals as developed by Harish-Chandra. 
Let 8 be the Lie algebra of G and let 8 = f @ p be a Cartan decomposition 
of Q with involution 0. Let I& (1 < i < r) be a complete set of representatives 
of conjugacy classes of B-stable Cartan subalgebras. Set ‘2& = l& n p and A, = 
exp ‘&. Let Pi be a cuspidal parabolic subgroup of G with split component Ai 
and Langlands’ decomposition MiAiNi . It is known that the representations 
that appear in the Plancherel theorem for G consist of the discrete series (if any) 
together with the principal series associated to the parabolic subgroups Pi with 
dimension Ai > 1. These principal series are parametrized by discrete series 
representations of Mi together with unitary characters of A, . 
Fix 7 = (pi , TV) a unitary double representation of K acting on a finite 
dimensional Hilbert space V, . Set Ki = K n Mi; then Ki is a maximal compact 
subgroup of Mi . The restriction rM of r to Ki decomposes into a finite sum 
of irreducible double Ki modules. Let “U(&‘i , TV*) be the space of ‘TV. cusp 
forms on Mi and for w E B2(Ms), let V(Mi , W, T~() be those cusp forms arising 
from KMz-finite matrix coefficients of w. It is a fundamental result of Harish- 
Chandra [5, Theorem 27.31 that dim “%?(Mi, T,%~;) < co and “U(M, , u, Tag,) 
is zero for all but finitely many w. Thus for each Mi only finitely many discrete 
series representations of Mi have spherical matrix functions of type an irreducible 
constituent of T,~~, . 
We shall also need a realization of the matrix.coefficients of principal series 
representations associated to Pi . A function # E “U(Mi , w, TMi) is extended to 
G = KMiAiNi by #(k man) = -r,(K) $(man). For v E 211i* and 1c, above, set 
Here pp( and Hpi are defined as usual. Let H,,, be the representation space for w 
and let H(w) be the space for the induced representation rr,,, . We take H(w) 
to consist of certain H, valued L” functions on K. Fix F a finite collection of 
classes of irreducible representations of K which occur in H(w) and let HF(w) 
be the corresponding subspace of H(w). One forms the double K module (T, V,) 
where V, is the subspace of L2(K x K) such that both the left and right actions 
of K decompose as a sum of classes in F. To each T E End(H,(w)) one can 
associate a $r E “U(M, , w, 7Mi) satisfying: 
(i) T I-+ dam”&. is a linear isometry of End(H,(w)) with the Hilbert- 
Schmidt norm onto “U(M, , w, Tag) with the L2 norm. 
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(ii) Consider T to be defined on H(w). Then 
E(P, : I& : v : x)(1, 1) = tr(rU,Jx)T). 
See Ref. [ 1, Sect. 51 for details. 
Finally, we conclude with the estimate for Eisenstein integrals analogous 
to (1.3). This result is contained in the proof of Lemma 5.4 in [l]. For w E 6”(MJ 
and 7 as before, one introduces a norm denoted by 1 w 1, 1 7 1. 
LEMMA (Arthur). _rfw is in az(Mi) and v is in s&Ii*, then 
j E(P, : z,h : v : %)I G II 4 II P(l w i i- i T i) 9+(x). 
Here, for ‘: E VT, j v j = sup~EV,~,11511,1  t(v);; 11 # // is the L”(M, , V,) norm, 
and p is a polynomial. 
Proof of (c). Following Harish-Chandra [4, p. 81, let G(K) denote the set of 
equivalence classes of irreducible representations of K. The hypothesis k is 
right K finite means, that for some finite set F C b(K), 
k(x) = EP(x) = k * c+(x) = 
s 
a&-l) k(xl) dl. 
K 
Here aF = x&F dsxs with ,vs the character and d, the degree of 6. As EF is a 
continuous projection, standard arguments show that we may assume k is in 
Ccm(G). Then for f~ Ccm(G) we have 
and 
[ 7(k)\ = sup<x(R * k)U, U). 
u 
We fix a basis of r consisting of K finite vectors and compute the matrix coeffi- 
cients m(u, v, V, g). Then we claim 
or 
1 j m(u, v> r, g)R * k(g) dg 1 Q C, II k II”, 
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One interchange of integrals gives 
and several more give 
= 
I 
h(g)(q * m * a,) * i(g) dg. 
As before, Holder’s inequality reduces the problem to showing that convolution 
with ol, c m * 01, is a bounded operator fromD(G) toD’(G). 
We may assume 0~~ * m * olLL = m. If 7~ is in d2(G), this is part (b) of the 
theorem; otherwise, 7r is an irreducible principal series representation. For 
each parabolic Pi , we need consider principal series representations arising 
from only a finite number of classes in g2(IMi). We fix one such representation, 
say, “w,V induced from P = MAN. Put F = (6, CL}. Then for an appropriate 
T E End(H,(w)) with one nonzero entry and this is one, we have 
m(u, V, n, x) = tr(rU,,(x)T) = E(P : & : v : x)(1, 1). 
Choose a basis {a,} of V, cL2(K x K) with each a, a product of matrix coeffi- 
cients from classes in F. For f E V, we have 
and Schur orthogonality gives 
where A, is a constant depending only on the degrees of the classes in F. Then 
from the lemma we have 
I m(x)] = 1 E(P : & : Y : x)(1, I)1 
< c, 1 E(P : I& : v : cc)/ 
< cF // $b- IIP(i w I + / ?- 1) %(x>* 
For fixed (6, p), p(I w 1 + 1 7 1) is bounded, and 11 #r /I = d;lj2 /I T I/ = dill2 is 
bounded. In part (a) we have seen that v,, convolves D(G) to U’(G) and thus SO 
does m. 
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